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Cluster algebras

0.1 Introduction

Cluster algebras were introduced by Sergey Fomin and Andrei Zelevinsky around
2000, cf. [52] who were motivated by phenomena observed in the study of total pos-
itivity (for algebraic groups) and in the construction of dual canonical bases in Lie
theory.

Totally positive matrices were first studied in the 30s. They are n X n-matrices
where all minors are positive. One can show that a totally positive matrix has n distinct
real eigenvalues. After these results were found in the 50s, there was not much research
around the topic until Lusztig generalized the notion to (reductive) algebraic groups
in the 90s. One can see that in order to check whether an element of a matrix group is
totally positive, one does not need to check all the minors, there are some redundancies
or rather, there are some relations between the minors.

The idea in the construction of a cluster algebra is to start with a tuple of n variables

* x = (x1,...,X,) and consider the field of fractions Q(x1, ..., x,) they define.

* Then one defines an exchange rule (mutation rule) to replace elements of the
tuple one by one by arational function in the previous tuple. x; ~> x; € Q(xy,. . .,x,).
The mutation rule gives x; - x; as a binomial in the variables of x.

* If X is the collection of all variables obtained through this, X € Q(x1,...,x,),
one defines the cluster algebra A(x, rule) of x (with the mutation rule) to be the
subalgebra of the field of fraction generated by X.

Examples of cluster algebras are coordinate rings of algebraic varieties, e.g., Bruhat
cells, Grassmannians, or Schubert cells, [18, 87, 110], for example.

Since their introduction, connections between cluster algebras and various fields
of mathematics have been discovered, including to the following.

* Combinatorics: polyhedra, snake graphs, dimer models, triangulations of sur-
faces, see [7,9,33,35,48,50,54,64,84,94,96,103, 109, 112] for early examples;

* Root systems in Lie theory (Dynkin diagrams), Kac—-Moody Lie algebras, quant-
ized enveloping algebras, see for example [18,19,38,41,49,58,76];

» Representation theory of finite-dimensional algebras: cluster categories, cluster-
tilted algebras, preprojective algebras, 2-Calabi—Yau categories, see [26,27, 80,
1147,

* Poisson geometry and algebraic geometry: cluster varieties, Grassmannians, flag
varieties, scattering diagrams, Poisson structures on Lie groups, see [22,44,47,
59,61,66,91,110];

* Dynamical systems: pentagram map, Y -systems, frieze patterns, see [4,5,12,13,
30,60,67,73,93];
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Figure 1. The five clusters of A(1, 1).

* Teichmiiller theory: lambda lengths, Penner coordinates, laminations, cluster
ensembles, see [46,50,62,75,86,113];

* Knot theory: Chern—Simons invariants, Legendrian knots, see [15, 71, 89, 98,
111];

* Mirror symmetry, mathematical physics, Donaldson-Thomas invariants, statist-
ical mechanics. [16,56, 68,90,99, 105].

The Cluster algebras portal' of Sergey Fomin provides links to activities around
cluster algebras.

Example 0.1.1. We take (x1,x;) and as a mutation rule, we use a quiver (an oriented
graph) with two vertices 1,2 and one arrow, Q : 1 — 2.
The mutation y; ati (fori = 1, 2) is given as follows:

(@ x;-x;=Tloix+T1jeixp

(b) (add a short cut for any 2-path j; — i — j,: this will only appear later)

(c) invert all arrows at i

(d) (remove all 2-cycles created through the above).

In the figure, the quiver associated to (x1,x2) is 1 — 2. The two neighboured tuples
have the quiver 1 «— 2. The quiver of the right most tuple is 1 — 2 again and the one of
the tuple in the lowest row is 1 « 2. Then to go from this back to the left most tuple,

we have identified (X222 1441 with (%, 1+;1x+2x2) in Figure 1. Thus the recurrence

xXix2 7 X
gives a S-periodic sequence. Hence by definition

Xo+1 xp+x20+1 x;+1
A1) = (x1,x2, P ! , =) € Qx1,x2)

X1X2 X2

As this cluster algebra has only finitely many variables, we call it a cluster algebra of
finite type. We note that all cluster variables are Laurent polynomials in x; and x, with

Uhttps://dept.math.lsa.umich.edu/~fomin/cluster.html
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integer coefficients. This is an illustration of the Laurent phenomenon. Furthermore,
all the coefficients appearing are non-negative, so the cluster variables all belong to
Zs0 [x;—'l,le]. This observation is called the positivity phenomenon.

This example has been studied as a recurrence given by x,,41 * Xp—1 = X + 1,
called the pentagramma mirificum. It has been studied for a long time, e.g., by J. Napier
around 1600, or in the 19th century by W. Spence and A. Cayley, see [106] for more
details.






Chapter 1

Surface combinatorics

One of the first examples of a cluster algebra arises from triangulations of a convex
polygon. Fomin, Shapiro and Thurston associate cluster algebras to arbitrary surfaces
as we recall now. Details can be found in [50].

1.1 Marked surfaces

Let S be a connected oriented Riemann surface with boundary 9. We allow the bound-
ary to be empty. A surface is closed if its boundary 0§ is empty. Let ) # M C S be a
finite set of points of S such that every connected component of dS contains at least
one point of M.

Definition 1.1.1. With the notations above, the pair (S, M) is called a marked surface,
or a surface. The elements of M are the marked points. Marked points in the interior
of S are called punctures.

This notion of marked surface is also called a ciliated surface in the literature, e.g.,
in the work [45] of Fock and Goncharov.

Cluster structures for surfaces with infinite sets (discrete or continuous) for M have
also been defined, see the articles [65,72,74] for early examples with discrete sets of
marked points.

Remark 1.1.2. Up to homeomorphism, a marked surface (S, M) is determined by
(1) the genus g of S,
(2) the number b of connected components of the boundary of S,

(3) the partitioning of the marked points in 4 into b parts, giving the number of
marked points on each boundary component,

(4) the number p of punctures among the points in M.
See for example Chapter 1 of [42] where references for details can be found.

Figure 1.1 shows several examples of surfaces of genus < 2 with at most two
boundary components.

Remark 1.1.3. In the following, we exclude surfaces which do not have any triangula-
tions or which only have one triangulation. These surfaces are the sphere with at most
three punctures, the monogon with at most one puncture, the unpunctured digon and
the unpunctured triangle.
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1.2 Arcs and triangulations

We use arcs in a surface to define cluster variables. The clusters arise from maximal
collections of pairwise non-crossing arcs.

Definition 1.2.1. A (simple) arc y in (S, M) is a curve in S, up to isotopy fixing the
endpoints of v, such that

(1) the endpoints of y are in M,

(2) the interior of vy is disjoint from M and from the boundary 4,

(3) the curve y does not cut out an unpunctured monogon or digon,

(4) the curve y does not cross itself (its endpoints may coincide).

Curves which satisfy (1), (2) and (3) but have self-crossings are called generalized
arcs. Curves which lie in S, with endpoints in M but whose interior is disjoint from
M are called boundary segments. Non-contractible curves in S disjoint from 4S5 are
called closed loops.

One can show that there are only few surfaces with finitely many arcs:

Proposition 1.2.2. The marked surface (S, M) has finitely many arcs if and only if S
is a polygon with at most one puncture.

Exercise 1. Prove Proposition 1.2.2.

In the construction of a cluster algebra for (S, M), arcs correspond to cluster vari-
ables: clusters arise from so-called compatible arcs as we now introduce.

Definition 1.2.3. (1) Two arcs y,y’ are compatible if they do not cross in the
interior of S (if there are representatives in their isotopy classes which do not
Cross).
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Figure 1.2. Representatives for the ten triangulations of a triangle with one puncture.

Figure 1.3. A triangulation of the once-punctured torus.

(2) A triangulation of a surface (S, M) is a maximal collection or pairwise com-
patible arcs together with all boundary segments. The arcs of a triangulation
cut the surface into regions called triangles. If a triangle has only two distinct
sides, it is called self-folded.

Example 1.2.4. Let (S, M) be a triangle with one puncture. So M = {1,2, 3, p} where
1,2, 3 are the three vertices of the triangle and p is the puncture. This marked sur-
face has ten triangulations. They are shown in Figure 1.2 (up to rotations). Two of
these triangulations contain a self-folded triangle. The first triangulation in the figure
is invariant under rotations by 120 and 240 degrees. Rotating any of the other three
pictures by 120 or 240 degrees gives another triangulation of the surface. Figure 1.8
below shows all ten triangulations of the once punctured triangle.

Example 1.2.5. Let (S, M) be a torus with one puncture. Every triangulation of this
surface has three arcs. Figure 1.3 shows two versions of a triangulation of (S, M). The
one on the right is drawn using the universal cover of the torus.

Example 1.2.6. Two triangulations of an annulus with two marked points on the outer
boundary, one marked point on the inner boundary and with one puncture are shown
in Figure 1.4.

A consequence of Proposition 1.2.2 is the following:

Corollary 1.2.7. The marked surface (S, M) has finitely many triangulations if and
only if S is a polygon with at most one puncture.
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(a) Triangulation T’ (b) Result after flipping arc 6

Figure 1.4. Two triangulations of an annulus with one puncture.

)

Figure 1.5. Triangulations of different disks, each of them using six arcs.

@

Notation 1.2.8. Let (S, M) be a marked surface. We write g for the genus of S, b the
number of connected components of the boundary of S, p the number of punctures
and ¢ := |M| — p for the number of marked points on the boundary.

Example 1.2.9. Let S be a disk with at most two punctures, i.e., g =0, b = 1 and
p =|M \ 0S| < 2. Then the marked surface is one of the following:

(1) Incase p =0, S is a disk with ¢ marked points on the boundary (or a c-gon),
where ¢ > 4. Any triangulation of S uses exactly ¢ — 3 arcs (diagonals).

(2) If p =1, S is a disk with one puncture (with ¢ > 2) Any triangulation of S is
given by c arcs.

(3) Incase p =2, we have a twice punctured disk. The triangulations of S contain
¢ + 3 arcs.

We see in Example 1.2.9, the number of arcs of a triangulation increases by 3
whenever we add a puncture to the disk. This phenomenon is a general fact, see
Lemma 1.4.2 below.

Exercise 2. Let (S, M) be a disk with at most two punctures and ¢ marked points on
the boundary. Check that the number of arcs in a triangulation of S is as claimed in
Example 1.2.9 (1)-(3).

To illustrate Example 1.2.9, Figure 1.5 shows triangulations of different disks with
up to two punctures. All three triangulations have six arcs. A further example is shown



Flips of arcs in triangulations 9

Figure 1.6. The three triangulations of a digon with one puncture.

in Figure 1.6, displaying the three different types of triangulations of a once-punctured
digon.

1.3 Flips of arcs in triangulations

The number of arcs in a triangulation is an invariant of the surface. In fact, any two
triangulations of (S, M) can be linked to each other by a sequence of “flips”, where in
each step, we replace a single arc by another arc in the surface (this is a consequence of
Theorem 1.3.5 below). We first introduce notation for the arcs of a self-folded triangle.

Notation 1.3.1. Consider a self-folded triangle in a triangulation of a marked surface
(S, M) as in Figure 1.7c. We call the outer arc (starting and ending at the same vertex
of M) the loop and the enclosed arc the radius of the self-folded triangle. At least one
endpoint of the radius is a puncture of M. If vy is the radius, we write £(y) to denote
the loop of the self-folded triangle.

Definition 1.3.2. Let (S, M) be a marked surface with triangulation 7', let y be an arc
of the triangulation 7.

(i) If v is not an arc of a self-folded triangle, y defines a quadrilateral in the
surface. This quadrilateral might be degenerate in the sense that it has less
than four vertices. Let y” be the other diagonal in this quadrilateral. Then
the flip of y is defined to be y’. See Figures 1.7a and 1.7b.

(i) If y is the loop of a self-folded triangle, it is enclosed in a punctured digon.

Let y’ be the arc in this digon connecting the puncture to the other point of
the digon. Then the flip of y is defined to be y’. See Figure 1.7c.

The radius of a self-folded triangle cannot be flipped. One can remedy this by
introducing tagged flips, see Definition 1.5.3 below.

Definition 1.3.3. The flip graph of a marked surface (S, M) is the graph E(S, M)
whose vertices are the triangulations of the surface and whose edges are the flips.

Example 1.3.4. The flip graph of the triangle with one puncture from Example 1.2.4 is
shown in Figure 1.8. Note that some of the vertices are only two-valent since we cannot
flip the radius of a self-folded triangle. We will revisit this example in Section 1.5 below
where we show how to complete E (S, M) to a regular graph (see Figure 1.16).

A result of Hatcher, [70], implies the following:
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Figure 1.7. Flip of various arcs y. The flipped arc vy’ is dashed.
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Figure 1.8. The graph E (S, M) for a triangle with one puncture.

Theorem 1.3.5. Let (S, M) be a marked surface. Then E(S, M) is connected.

Exercise 3. Work out the flip graph E (S, M) for an annulus with one marked point
on each boundary component, cf. Figure 1.10a.

It is sometimes convenient to assume that there are no self-folded triangles in a
triangulation, so that every arc is flippable. The next result tells us that this is not a
restriction.

Lemma 1.3.6. Any surface (S, M) has a triangulation without self-folded triangles.

As aconsequence: any triangulation of (S, M) can be transformed into one without
self-folded triangles by a sequence of flips.

Sketch. Suppose first that the genus of the surface is zero.
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Figure 1.9. Cutting along the arc a for a surface with two boundary components.

o If the surface has no boundary, we cyclically connect the punctures by non-
intersecting arcs, this provides a triangulation as claimed.

 If (S, M) has b boundary components, we draw non-intersecting arcs connecting
component { with component i + 1, fori = 1,...,b — 1. Figure 1.9 shows an
example with two components, the arc a connects the two. We cut open along
these connecting arcs to produce a surface with a single boundary component.
This surface is a disk with punctures that can be triangulated avoiding self-folded
triangles. (One way to do this is to connect every marked point on the boundary
to a puncture, creating compatible arcs.) Then, we glue the surface back together,
along the connecting arcs. One observes that this does not create any self-folded
triangles.

If the genus of the surface is positive, we use induction on the genus. Consider the
surface S’ obtained from gluing a disk to each connected component of the boundary.
Note that S” has punctures: Any puncture of S is still a puncture in S’. If S has no
punctures, then there exists at least one marked point P on a boundary component. By
gluing a disk to this boundary component, the marked point P becomes a puncture.
Since g > 0, there exists a closed curve vy in (S, M) around a handle in S’, starting and
ending at a puncture of §’. (As argued, this puncture is a marked point on a connected
component of the boundary of S or a puncture of S.) Now we cut S” along y to reduce
the genus and use the induction. |

1.4 The rank of a marked surface
Lecture 2

A formula for the number of arcs in a triangulation can be derived using the Euler
characteristic of the surface, see [50, Proposition 2.10].
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(a) Annulus with one point on each boundary. (b) Annulus with one and two points.

Figure 1.10. Two examples of triangulations in small rank (type A).

Proposition 1.4.1. The number n of arcs in any triangulation of (S, M) is equal to
n=6g+3b+3p+c—-6 (1.1)

Lemma 1.4.2. Let (S, M) be a marked surface and let Po € M be a puncture, let T
be a triangulation of (S, M) with n arcs. Let M’ := M \ {Py}. Then any triangulation
of (S,M’) has n — 3 arcs.

Corollary 1.4.3. For every n > 0, up to homeomorphism, there are finitely many
marked surfaces whose triangulations consist of n arcs.

Definition 1.4.4. Let (S, M) be a marked surface and n the number of arcs in any
triangulation of it, as in (1.1). We say that n is the rank of (S, M).

Example 1.4.5. Using Proposition 1.4.1, one can determine all surfaces (up to homeo-
morphism) withrank up to three. We already discussed several of them in Example 1.2.9.

Rank 1. The surface is a quadrilateral.

Rank 2. The surface is one of the following:
* a pentagon,
* adigon with one puncture,

* an annulus with one marked point on each boundary component.

Rank 3. The surface is one of the following:
* a hexagon,
* a triangle with one puncture,
* an annulus with one, respectively, two points on the boundary components,
* atorus with one puncture.
We will revisit these surfaces in Exercise 9 and Remark 1.6.4.

Two concrete examples of marked surfaces in rank 2 and 3, respectively are shown
in Figure 1.10. By Corollary 1.4.3, there are infinitely many triangulations in these
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Figure 1.11. The flip graph for an annulus with one and two points on the boundaries.

cases. In the following example, we work out the exchange graph E(S, M) for the
surface in 1.10b.

Example 1.4.6. Let (S, M) be an annulus with one marked point on the outer boundary
and two marked points on the inner boundary, as in Figure 1.10. This surface has
infinitely many arcs and infinitely many triangulations. We distinguish two types of
arcs: arcs with both endpoints on the same boundary and arcs connecting the two
boundary components. The former are called peripheral arcs. This surface only has
two peripheral arcs, they are drawn in the left most and right most column of the figure.

We give the exchange graph E (S, M) by drawing the arcs of the surface (the faces
of the flip graph), see Figure 1.11. Any two adjacent faces are pairs of compatible arcs.
The vertices v; are all of valency three and indicate three pairwise compatible arcs,
i.e., the v; are the triangulations of (S, M), the edges indicate the flip.

One can see that the left most and the right most arc in the figure are compatible
with infinitely many pairs of arcs in the respective neighboured columns. Figure 1.12
shows three of the associated triangulations.

1.5 Tagged arcs

This section was mostly skipped in the class!
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Figure 1.12. The triangulations for vertices vy, v2, v3 of the flip graph from Figure 1.11.

So far, we have introduced triangulations and flips of arcs of a triangulation. We
have seen that the flip graph of a marked surface is not regular in general, as the radius
in a self-folded triangle cannot be flipped (see Figure 1.8 for an example). However,
we would like to use triangulations as a source of seed patterns and seed patterns are
defined from the regular graph, cf. Definition 1.7.13.

To fix this and ensure that every arc of a triangulation can be flipped, one can work
with tagged arcs and tagged triangulations as introduced in [50, Definition 7.1].

Definition 1.5.1. Let (S, M) be a marked surface. Let y be an arc of S as in Defini-
tion 1.2.1. Let P; and P, be the endpoints of y, P; € M. These may coincide.

(1) Atagging for vy is a pair of decorations on y near the endpoints P and P,. This
decoration is either “plain” (or “unnotched”) or “notched” (indicated with a
red mark on the arc near the endpoint). If an endpoint of vy is on the boundary,
the tagging is always plain. If an endpoint is a puncture, the tagging can be
plain or notched. If both endpoints of y coincide, the taggings of y are the
same at both ends.

(2) Atagged arcin S is an arc equipped with a tagging.

(3) Two tagged arcs y and y’ are compatible as tagged arcs if they satisfy one of
the following:

(i)  The underlying untagged arcs are compatible in the sense of Defini-
tion 1.2.3 and the arcs do not have a common endpoint at a puncture.

(i) The underlying untagged arcs are different, they have a common end-
point at a puncture, and they have the same tag at this puncture.

(iii) The underlying untagged coincide, y and y’ are different and their tags
differ exactly at one endpoint.

(4) A tagged triangulation is a maximal collection of compatible tagged arcs.
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Figure 1.13. Two tagged triangulations of an annulus with one puncture.

By (3), if a tagged triangulation has arcs with different tags at a puncture, there
are only two arcs ending at this puncture and their other endpoints also coincide. In
all other cases, the arcs ending at a puncture have to be of the same tag. Figure 1.16
illustrates this with the tagged triangulations of a punctured triangle.

Example 1.5.2. Two tagged triangulations for the triangulations of an annulus with
two marked points on the outer boundary, one on the inner boundary and one puncture
are in Figure 1.13 (cf. Example 1.4 for untagged triangulations of this surface). The
one on the left is the tagged triangulation of the triangulation in Figure 1.4a. Note that
arc 1 of the triangulation on the left is not compatible with the arcs 2’, 6" on the right.

Definition 1.5.3. Let 7 be a tagged triangulation of a marked surface (S, M). Let y
be a tagged arc of T.

(1) The tagged flip of v in T is the arc v’ of (S, M) defined as follows:

(i) Let y be a diagonal of a quadrilateral given by T. Then we replace y
by the other diagonal in this quadrilateral, say 6. If one of the endpoints
of ¢ is a puncture P, we add a notch near P if T contains arcs with a
notched near P. Otherwise, we keep it plain. We denote the result by y’.

(i) Lety be a tagged arc which has a triangle on one side and a punctured

digon on the other side. See Figure 1.14. This digon has two tagged arcs
B1, B2 with the same endpoints and the two arcs have different tags at
the puncture inside the digon. We label the vertices of the triangle by
Py, P,, P3 and the puncture by P4 such that P is a common endpoint of
v, 31 and B>, and that P and P3 are the marked points of the punctured
digon.
The tagged flip replaces y by an arc y’ from P; to P, which is a bound-
ary arc of a punctured digon with vertices Py, P, (and puncture P4). The
tags of v’ are determined by the tags of existing arcs of T at these two
endpoints.

(iii) Lety be one of a pair of tagged arcs (31, 82) whose underlying untagged
versions are the same. We use the notation of Figure 1.14. Then the two
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Py

Py
Figure 1.14. Part of a tagged triangulation near a pair of arcs with different tags at Py.

Py

Py Py
PQ z qb
Py Py Py

(a) After flipping y. (b) After flipping B;. (c) After flipping B>.

Figure 1.15. The effect of the tagged flip on arcs vy, 81, 52.

arcs are inside a punctured digon formed by T and have different tags
at one endpoint, either at Py or at P4, and the same tag at the other end
by Definition 1.5.1 (3). In the figure, the different tagging is at Py, the
other case works analogously. Let P3 be the other marked point of the
digon enclosing (81, 32).

Flipping y replaces it by an arc y” with endpoints P and P, inside the
punctured digon (Figures 1.15b, 1.15c¢). The tags of y’ are determined
by the tags of existing arcs of T at the two endpoints of the new arc.

(2) The tagged arcs graph E™(S, M) is the graph whose vertices are the tagged
arcs and whose edges are the tagged flips.

Exercise 4. Work out a tagged flip sequence linking the two tagged triangulations of
Figure 1.13.

Exercise 5. Check that every arc of a tagged triangulation can be flipped.

Example 1.5.4. Figure 1.16 shows graph E™(S, M) for the punctured triangle. Note
that this completes the graph of Figure 1.8 into a regular graph.

Exercise 6. Let (S, M) be a once-punctured triangle and (S, M>) a hexagon.
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Figure 1.16. The graph E™(S, M) for the once-punctured triangle.

(1) Compare the graph E™(S1, M}), E(S,, M) and the (untagged) graph of the
punctured triangle from Figure 1.8.

(2) What are the faces of the three graphs?

In the sequel, we work with the untagged versions of arcs and triangulations and
allow self-folded triangles, unless specified otherwise.

1.6 The quiver of a triangulation

To define cluster algebras from surface triangulations, we use the adjacency in the
triangulation, i.e., the relative position of the arcs in it, and associate a quiver to the
relative positions of the arcs.

We first recall the definition of a quiver - this is an oriented graph:

Definition 1.6.1. A guiver is a quadruple Q = (Qo, Q1, s,t), where Qy are the vertices
of O, QO the set of arrows of Q and, where 5,7 : Q1 — Q¢ are maps which associate
to each arrow « € Q) its source s(a) € Qg and its target t(a) € Qy. We often simply
write Q or (Qo, Q1) for a quiver. We usually denote an arrow a with source s(@) = a
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Figure 1.17. The quiver Qr for the triangulation in Figure 1.4a.

6

and target b = t(a) by
a:a—b orby a -5 b.

Unless specified otherwise, the quivers we consider are finite, i.e., they have finitely
many vertices and finitely many arrows. We use quivers to describe “seeds” (as in
Definition 1.6.5 (2)). The idea is that the vertices of a quiver correspond to the cluster
variables, while the oriented edges encode the mutation rule.

Definition 1.6.2. Let 7 be a triangulation of a marked surface (S, M) with n arcs,
labelled 1,2, ..., n. We define the quiver Q = Q1 of the triangulation as follows: The
vertices of Q7 are the arcs of T. We draw an arrow

(a) i — jif j follows i clockwise inside a common triangle which is not self-
folded. (In other words, the arcs i and j belong to the same triangle, they have
a common endpoint and j is clockwise from i).

(b) i — jif jis aradius enclosed by the loop £(j) and £(j) follows i clockwise
inside a common triangle, with i # j, i # €(j).

(¢) j — iif jis aradius enclosed by the loop £(;) and i follows £(j) clockwise
inside a common triangle, with i # j, i # €(j). (An Example is the arrow
1 — 2 in Figure 1.17, for the triangulation in Figure 1.4a).

At the end, we remove a maximal collection of 2-cycles.
Note that the quiver Q7 has no loops and no 2-cycles.

Exercise 7. Work out the quiver of the triangulation of the punctured torus from
Example 1.2.5 (see Figure 1.3).

Exercise 8. Draw the quiver of the triangulation v, in Figure 1.12.

With the definition of a quiver of a triangulation, we can introduce the notion of
the type of a surface:
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2——3——---—a

T~

Z(a,b): 1 n+1

e

a+2—a+3—--—---—n

Figure 1.18. The quiver A(a, b) of extended type A, with n = a + b.

Definition 1.6.3. Let (S, M) be a marked surface. Let G, G, G» be simply-laced
Dynkin diagrams or simply-laced extended Dynkin diagrams. We say that the surface
S is of type G, respectively of type G| X G2, if there exists a triangulation T of it such
Qr is an orientation of G, respectively of G| X G».

We also need the following notation: If a quiver arises from orienting an extended
diagram Z,l such that there is exactly one source and one sink, with a arrows in one
direction and b arrows in the other direction, we say that the graph is of type Al (a,b),
see Figure 1.18.

Exercise 9. In Example 1.4.5 the surfaces of rank up to three were listed. Prove that
the type of these surfaces is as claimed in the following list:

Rank 1. The quadrilateral is of Dynkin type A;.

Rank 2.
* The pentagon is of Dynkin type A,
* adigon with one puncture is of Dynkin type A; X Ay,
« an annulus with one marked point on each boundary component is of type Aj.
More precisely, the quiver of any triangulation of this annulus has two vertices
1,2 and two arrows from 1 to 2 (this is called A(1, 1), see Figure 1.18).
Rank 3.
* The hexagon is of Dynkin type A3,
* a triangle with one puncture is of Dynkin type A3,

« an annulus with one and two points on the boundary components, is type As.
More precisely, such an annulus has a triangulation 7" such that the quiver Q7 is
A(1,2), see Figure 1.18.
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1
2
1 1 9
3 & ”
Figure 1.19. Three types of puzzle pieces

Exercise 10. Determine the quivers of the following two triangulations:

Y4
73
"2

75

Remark 1.6.4. To summarise, we list the surfaces of rank up to three in the table
below. As before, g denotes the genus, b the number of connected components on the
boundary, p the number of punctures, ¢ the number ¢ of marked points on the boundary
and n the rank. We write Ann(m 1, m;) to denote an annulus with m| marked points on
one boundary and m; marked points on the other boundary. Examples for the annuli
in the table are in Figure 1.10.

(S, M) g b p c n type
(n+3)-gon 0O 1 0 n+3 n A,
n-gon, one puncture 0 1 1 n n D,
annulus Ann(my, my) 0 2 0 nm+ny ni+np Z(ml, my)
(n = 3)-gon with two punctures 0 1 2 n-73 n Dy
torus with one puncture 1 0 1 0 3 -

We will also use an extended version of the quiver Q7.

Definition 1.6.5. Let T be a triangulation of (S, M), let n = |T| be the rank of the
surface and Qr be the quiver of 7.

(1) We add n vertices to Qr, denoted , with arrows —ii=1,...,n. We
denote this extended quiver by QT.

(2)Letx; := (X1,...,Xn, Xps1,. . -, X2,), With variables x;. We call (x, QT) the (exten-
ded) seed of T.
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1.7 The cluster algebra of a quiver

In this section, we always assume that quivers have no loops (no arrows starting and
ending at the same vertex) and no 2-cycles (no pair of arrows i — j and j — 7). We
also often assume that there are no arrows between frozen vertices.

Definition 1.7.1. Let Q = (Qg, Q1) be aquiver with vertices Qo ={1,2,...,n,...,m},
with m > n > 0. We say that Q is a cluster quiver if the following are satisfied:

(i)  The quiver Q has no loops;
(i1)) There are no 2-cycles in Q;
(iii) There are no arrows between i and j if i, j > n.

The vertices {1,2,...,n} of Q are called mutable and the vertices {n +1,...,m}
are called frozen.

Definition 1.7.2. Letm > n > 0 and Q be an extended quiver with n mutable and m — n
frozen vertices. Let xy, . . ., x,, be variables. We call x := (xy, ..., xy,) an (extended)
cluster, with cluster variables x1, . . ., x, and frozen variables x1, . .. ,X,. We call
the tuple (x, Q) an (extended) seed.

Cluster quivers are not required to be connected. However, they will mostly be so.

Remark 1.7.3. The arrows between vertices do not play a role in the mutation process,
and it is sometimes convenient to allow arrows and 2-cycles between frozen arrows.
In particular, “dimer quivers” are examples of cluster quivers with 2-cycles between
frozen arrows, and they may be used to define cluster algebras. We can reduce such
quivers by successively removing arrows in 2-cycles on boundary vertices, keeping
only one arrow between the two vertices involved. This approach is convenient when
working with cluster categories. However, unless specified otherwise, we stick to con-
dition (iii) in Definition 1.7.1.

We usually draw quivers as graphs in the plane, sometimes with crossing arrows.
Frozen vertices are often indicated as boxed vertices, see Example 1.7.4. When draw-
ing a quiver with multiple arrows between two given vertices, we often only draw a
single arrow and indicate the number of arrows as a label on the arrow.

Example 1.7.4. The following is a cluster quiver with n =3, m = 5. The frozen vertices
are the vertices 4, 5, drawn in boxes.

LT
1 > 2 > 3.

The two arrows from vertex 2 to vertex 3 and the two arrows from vertex 4 to vertex
2 are indicated by the corresponding labels on the arrows.
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Remark 1.7.5. We can also associate cluster algebras to matrices with integer entries,
taking (part of) the adjacency matrix of the quiver. More precisely, the matrices are
m X n-matrices. The top n X n submatrix is skew-symmetric and the adjacency of
mutable vertices with frozen vertices is encoded in m — n rows with n entries (since
there are no arrows between them, this is sufficient). We call this an extended skew-
symmetric matrix.

For the quiver from Example 1.7.4, the matrix is

0 1 1
-1 0 2
B(Q)=|0 -2 0
1 2 0
0 0 -1

Using matrices allows to define cluster algebras more generally: they can be defined
for “skew-symmetrizable” extended integral matrices.

Exercise 11. Check that the matrix of any cluster quiver is an extended skew-symmetric
matrix.

The definition of mutation uses the notion of a 2-path through a vertex k of a
cluster quiver Q. A 2-path is a pathi — k — j obtained from composing two incident
arrows i — k and k — j of Q.

Definition 1.7.6. Let Q be a cluster quiver with mutable vertices {1, 2,...,n} and
frozen vertices {n+ 1,...,m}.Let k < n. The quiver mutation u; (Q) of Q in direction
k, 1s defined as follows:

(1) For every 2-pathi — k — j, we add an arrow i — j whenever i and j are not
both frozen.

(2) We reverse all arrows at k,

(3) We delete a maximal collection of 2-cycles (deleting pairs of arrows).

The first step introduces a “shortcut” in the quiver for every 2-path passing through
k (modulo frozen vertices: we do not introduce shortcuts between frozen vertices).
Adding the shortcuts may create 2-cycles. In order for the result under quiver mutation
to be another cluster quiver, we have to remove the 2-cycles in the third step. We note
that mutation does not create any loops since Q does not contain any 2-cycles.

Definition 1.7.7. We say that two cluster quivers Q, Q' are mutation equivalent if
Q’ can be obtained from Q through a sequence of mutations. The mutation equival-
ence class of a cluster quiver Q is the set of cluster quivers obtained through arbitrary
sequences mutations from Q.

Definition 1.7.8. Let Q be a cluster quiver. The graph whose vertices are the quivers
mutation equivalent to Q and whose edges are given by single mutations is the exchange
graph of Q. We denote it by E(Q).
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Example 1.7.9. Consider the quiver Q : 1 — 2 — 3 with three mutable vertices, i.e.,
m = n = 3. We work out u,(Q):

step (1) 1 @3

step (2) l&—2+—3

\_/’

This example does not involve step (3) since after step 2, the quiver does not contain
a 2-cycles. So we have
w(Q)= 1+—2+——3.
~_

Exercise 12. Here we consider two cluster quivers with m = n = 3.

(1) Consider the quiver u;(Q) from Example 1.7.9 and mutate it at every vertex,
i.e., work out p;up(Q) fori =1,2,3.

(2) Lecture 3
Applying mutation in direction 1 to the quiver Q on the left, we obtain the
quiver on the right:

Work out u;(Q) for j = 2,3 and p;u1 (Q) fori = 2,3. Can you find a pattern?
How does the quiver develop when you do more mutations?

Example 1.7.10. Let m = 5, n = 3 and consider the quiver Q with frozen vertices 4

and 5:

N
1l——52—253
We work out u; (Q) fori =1,2.

Q) = X 12(0) =

2

We know how to mutate quivers. Now we explain how to mutate extended seeds,
i.e., we have to say how to mutate the variables xy, . . ., x,,. When we mutate them, we
work in the field of fractions Q(xy, ..., x,).
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T]Z (] [
Tz: ................... . 1 . 2 . 1 . 2 . ...................
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3 3
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“en o e Y “en
3 3 3
[ ] [ ] [ ]

Figure 1.20. The trees T, forn = 1,2, 3.

Definition 1.7.11. Let Q be a cluster quiver and let x = (x, ..., x,,) be an extended
cluster with n mutable vertices and m — n frozen vertices, m > n. For 1 < k < n, the
(seed) mutation in direction k of the extended seed (x, Q) is defined as

ur(x,0) = (x',0")

where O’ = ux(Q) and where the extended cluster x” only differs from x in position
k, with x; being defined via the exchange relation

Xk - X o= nxi+ nxi.
i—k i—k

= Iisge xitIlick xi

So;_c’z(xl,...,x;{,...,xn,...,xm) with x}. ~

We associate a “seed pattern” to (x, Q) and use it to define a cluster algebra.

Notation 1.7.12. We denote by T, an n-regular tree with edges labelled by 1,...,n
such that at every vertex, the edges incident with it have all n labels. Figure 1.20 illus-
trates T,, for small 7.

In general, T, is infinite, if n > 1. We use the tree T,, to keep track of different
mutations in cluster algebras.
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Definition 1.7.13. A seed pattern forT, is an assignment of a labelled seed (x (), Q(t))
to every vertex t € T, such that there is an edge labelled by k between vertices ¢ and

¢ of Ty, if and only if 1 ((x(7), Q(1))) = (x(+), Q(1')).

A seed pattern is uniquely defined by any one of its seeds. We also call it the seed
pattern of a (given) seed.

Let X be the union of all cluster variables and frozen variables of the seed pattern
of the seed (x, Q).

Notation 1.7.14. Let (x(¢), Q(t));cT, be a seed pattern for 0 < n < m and denote by

X:=|Jx0

teT,

the set of all cluster variables appearing in all seeds of the pattern, together with the
frozen variables.

Definition 1.7.15. Let Q be a cluster quiver with n mutable vertices and m —n > 0
frozen vertices. The cluster algebra A(Q) of Q is defined to be the cluster algebra (of
rank n) of the seed pattern defined by (x, Q).

Definition 1.7.16. Let O be a cluster quiver with n mutable and m — n frozen vertices,
m > n > 1. The cluster algebra A = A(Q) over R := Q [x,41,...,%n] associated
with the seed pattern for T,, is the R-subalgebra A = R[X] of the field of fractions F
generated by all cluster variables and the frozen variables. The number n of mutable
vertices is called the rank of the cluster algebra.

While it is sometimes convenient to invert the frozen variables x,,41, . . ., X, We
will not do this unless mentioned otherwise.

Example 1.7.17. Let n = 4 and m = 10 and consider the seed given by the quiver:

The frozen variables are indicated by the boxed numbers. Here, we allow arrows
between frozen arrows, indicating them by dotted lines. This is a seed for the Grass-
mannian cluster algebra structure of Gr(3, 6). In terms of Pliicker coordinates, the



26 Surface combinatorics

extended seed x = (x1,...,X]0) is

X = (p124> P134, D125, P145, D123, P234> D345, P4565 P1565 P126) -

Scott proved [110] that A(Q) = C[Gr(3, 6)] (in fact, she gave a way to construct
a seed for any Gr(k, n)).

It is known that a seed of the Grassmannian cluster algebra structure of Gr(k, n)
has (k — 1)(n — k — 1) mutable and n frozen vertices, so here, 10 = (k = 1)(n — k —
1) + n =2 -2+ 6 vertices of Q. One can show that there are only finitely many clusters
mutation equivalent to it, namely 50. This seed and all seeds obtained through arbitrary
sequences of mutations from it are described in [69, Subsection 3.1.2]: There are 50
clusters in this case.

One can use Bernhard Keller’s quiver mutation applet' to get seeds for the Grass-
mannian cluster algebra A (k, n). In the downloaded version of the applet, there are two
types of seeds for given (k, n), one built up from oriented triangles and one containing
oriented quadrilaterals, using the menu item “Activate” under “Clusters”.

In contrast, the following cluster algebra of rank 3 has infinitely many cluster vari-
ables This example illustrates a link between cluster algebras and number theory. It
appears in [63, Section 2.1] and also in [51, Chapter 3.4] where further examples illus-
trating the link to number theory are shown.

Example 1.7.18. Consider the so-called Markov quiver on three vertices: it is a quiver
with n = m = 3 and with two arrows{ — i+ 1 fori = 1,2, 3.

Mutation of Q in direction 1 yields the quiver

u1(Q) : 3

In fact, for any i, the mutated quiver y; (Q) is isomorphic to Q. So up to relabelling the
vertices, the Markov quiver is invariant under mutation. The exchange relations are:

X1 X) = x5 +x3,
X2 - X} =x%+x§,

x3 - X5 :x%+x§.

Thttps://webusers.imj-prg.fr/~bernhard keller/quivermutation/


https://webusers.imj-prg.fr/~bernhard.keller/quivermutation/
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(1,34,13)

%

(2,1,1) (1,5,13) 5 (194, 5, 13)

I e

(1L,1,1) 2 (1,1,2) £ (1,5,2)

A

(1,2,1) (5,1,2) (29,5,2) 5 (29, 5,433)

H3 H2
(5,29,2) (5,1,13) .

Figure 1.21. Triples of integers arising from the Markov quiver.

To see that even though the quiver is invariant under mutation, there are infinitely many
variables, we specialize the initial cluster variables to 1, i.e., we setx; =x, =x3 =1 and
study the effect of mutation on these values. Since all cluster variables can be written
as Laurent polynomials (Theorem 1.7.21) with positive coefficients (Theorem 1.7.22)
in the initial variables and since we specialized the initial variables to 1, all cluster
variables specialize to positive integers. The graph in Figure 1.21, shows the values
obtained from the initial cluster for a few mutation sequences.
One can prove that for every cluster (xy, x2, x3), the equation

xf + x% +x§ = 3x1x2%2

holds. As a consequence, if we specialize the initial cluster to 1, any cluster variable is
a positive integer and for any cluster (x1,x2, x3), the resulting tuple (a1, as, a3) € Z3
satisfies the Markov equation

a% +a§ +a% =3ayazas3.

Mutation transforms Markov triples into Markov triples and arbitrary sequences of
mutations give an infinite set of triples in Z> which all satisfy the Markov equation,
cf. [51, Example 3.4.1]. In particular, there are infinitely many cluster variables for
this quiver.

The next example shows a link to frieze patterns in the sense of Conway and
Coxeter, [36,37].
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NN NN
o NN

Figure 1.22. The frieze formed by the variables of the cluster algebra A(1, 1).

Example 1.7.19. Letrn =m =2 and consider the cluster {(x,x»), 1 — 2} of the cluster
algebra A(1, 1) (Example 0.1.1). We consider the mutation sequence oy :

H2 (1+x2 1+x1+x2) Hi 1+x 1+x1+x2)
Xy 7 XX X2 7 XX

M1 1
(x1,x2) — (=2, x7)

X1

We use the clusters as diagonals in a grid, extending with 1’s and 0’s at both ends,
obtaining a grid of six rows which are shifted with respect to each other: We start with
arow of 0’s followed by a row of 1s. Then we write the variables of the cluster (x1,x;)
in the second and in the third row, respectively, on a SE diagonal of the pattern and end
with a row of 1’s and a row of 0’s. See Figure 1.22. When going from x; to the right,
along the dotted line, we apply u; and replace x| by the cluster variable u(x1). We
now have the cluster (1;—1‘2, x7) on an SW diagonal in the pattern. When going from
X3 to the left, along the dotted line, we mutate x; in the first cluster, i.e., we put the
cluster variable w5 (x;) to the left of x;. This gives us the cluster (x1, 1;—;1) on the left
most SW diagonal in the figure. We repeat this in both directions. We have already
seen this cluster algebra in Example 0.1.1. Apart from the two initial cluster variables,
there are three more cluster variables, namely 1;%, % and 1:_?2 So the pattern
we obtained through this procedure repeats horizontally after 5 steps to the right (or
to the left).

A diamond in this pattern is formed by four neighbours as follows (potentially
involving the rows of 1’s and of Os):
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One checks (Exercise 13) that the relation ad — bc = 1 is satisfied in every diamond
of the pattern.

This is an example of a frieze pattern - a pattern formed by rows which are infin-
ite in both directions, which satisfies the diamond rule and which has a translational
symmetry. In the above example, we also have a glide symmetry.

Because of the diamond relation, such patterns are also called SL,-friezes.

Exercise 13. Check that in the pattern from Example 1.7.19, the relation ad — bc =1
is satisfied for every diamond.

1.7.1 Main theorems
We state some of the main theorems in our setting - they are valid in more general
set-ups.
Definition 1.7.20. Let Q be a cluster quiver. The cluster algebra A = A(Q) (or the
quiver Q) is said to be of

(1) finite type, if X is finite;

(2) finite mutation type, if the mutation equivalence class of Q is finite;

(3) acyclic type, if Q is mutation equivalent to a quiver without oriented cycles.
Theorem 1.7.21. [52, Theorem 3.1] Let A = A(y, Q) be the cluster algebra of the
extended seed (y, Q), where the variables yi,...,yn of y = (y1,- .., Ym) are mutable

(m > n > 0) and where Q is a cluster quiver.
Then any cluster variable x of A is a Laurent polynomial with integer coefficients

in the y;. More precisely, there are f € Z[y1,...,ym] and ry,...,r, = 0 such that
_ SO ym)
X= "o
YiYy n

The fact that we every cluster variable x is a Laurent polynomial in the initial
cluster is surprising: A priori, we deal with iterated fractions and so cluster variables
are rational functions in the initial variables. However, it turns out the denominators are
always monomials in the initial cluster variables. To prove this, one can use induction
on the length d of a mutation sequence leading to x, cf. [51, Subsection 3.3].

Exercise 14. Let A(y, Q) be asin Theorem 1.7.21. Let y be a cluster variable obtained
by up to two mutations from the yy, ..., y,. Show that y is a Laurent polynomial in
the variables y1, ..., y, with denominator a monomial in yq, ..., y,.

Theorem 1.7.22. The coefficients of the Laurent polynomial in Theorem 1.7.21 are
positive integers.

This property has first been conjectured by Fomin and Zelevinsky in [52, Sec-
tion 3]. The binomial exchange relations in the mutation formula only involve positive
terms, however, one has to check that the positivity is preserved when reducing the
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rational functions appearing after mutations. It took over a decade to prove this con-
jecture: Lee and Schiffler prove it for all skew-symmetric cluster algebras in [88] (not
necessarily of geometric type). An application of the results of [66] proves it for cluster
algebras of geometric type. Intermediate results include positivity for acyclic cluster
algebras ([82]) and for cluster algebras from surfaces ([96]). For more details, we refer
to the introduction of the above article by Lee and Schiffler.

For the next theorem, we introduce the reduced quiver Qg4 of Q: it is the full
subquiver determined by the mutable vertices of Q, i.e., the oriented graph whose
vertices are the mutable vertices of Q and whose oriented edges are the arrows of Q
which start and end at mutable vertices.

Theorem 1.7.23 ([53, Theorem 1.4]). Let A = A(x, Q) be a cluster algebra, with
connected quiver Q. Then A is of finite type if and only if Qeq is mutation equivalent
to an orientation of a Dynkin diagram of type A, D or E.

1.8 The cluster algebra of a triangulation of a marked surface

Around 2005, Fomin, Shapiro and Thurston defined cluster algebras from marked
surfaces, see [50]. They used principal coefficients but we will work with frozen vari-
ables instead. The boundary segments of the surface do not play a role for the surface
cluster algebras. In the construction of cluster categories, we sometimes take bound-
ary segments into account and they will give frozen vertices (different kinds of frozen
vertices).

Let (S, M) be a marked surface of rank n, let T be a triangulation of it. We denote
the arcsin T by 1,.. ., n. Let O be the quiver of the triangulation (Definition 1.6.2).
We declare every vertex of Qr to be mutable. Recall Definition 1.6.5: we add n frozen
vertices with arrows — i to Q1 and write QT for the resulting quiver
(note that the extended quiver still has no 2-cycles and no loops) and we associate
the extended seed x7 := (xq,...,Xn,...,X2,) to it (with first n variables mutable, the
others frozen).

Definition 1.8.1. We define the cluster algebra associated to T and (S, M) to be

Ar = A(xr, Or)-

We have A((x1,...,%x2,),0) C Z[xns1s - .. »X2n] (X1, ...x,). We recall (Defini-
tion ??) that mutation at k (with 1 < k < n) sends the cluster X = (xq,...,X,...,X2,)
tox’ = (xq,... ,x;c, ey Xp, ..., X2,) Where

Xg X 1= nxi+ nxi.
i—k i—k

Example 1.8.2. Let T be the fan triangulation of a hexagon and Qr =1 — 2 — 3its
quiver. We consider the mutation u; of the seed (x7, Q7):
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We start with the quiver on the left, with the cluster (xy,x2,. . .,X¢), where x4, x5, X6
are coeflicients/frozen:

o [ 8
LoL = TN

1 > 2 > 3 1«

\_/’

The resulting cluster is

X1X5 + X3
————, X3, X4, X5, X6).

ua((x1, ..., x6)) = (x1,

The cluster algebra A7y is defined from a chosen triangulation of (S, M). However,

as the following result shows, it is independent of that choice as mutation corresponds
to flipping of arcs.

Proposition 1.8.3 ([50, Proposition 4.8 and Proposition 4.10]). Consider a triangu-
lation T of a marked surface (S, M). Let k be an arc in T and assume that k is not a
radius of a self-folded triangle. Then, the following hold.

(1) If T’ is obtained from T by flipping the arc k, then Qp = ur(Qr),

(2) The mutation equivalence class of Qr depends only on (S, M) and not on the
chosen triangulation.

We may therefore write A (s ar) instead of Ar.

Proof. To prove part (1), one uses the fact that the triangulation 7 and the surface
(S, M) are built from copies of the three puzzle pieces from Figure 1.19 and studies
these pieces, i.e., one proves the claim locally.

Part (2) follows from (1) and from the fact the flip graph is connected. ]

Surface cluster algebras are of infinite type in general, in fact, unless (S, M) is adisk
with at most one puncture, there are infinitely many triangulations (Corollary 1.2.7).
However, they are examples of cluster algebras of finite mutation type (Definition ??)
by work of Felikson, Shapiro and Tumarkin. We have already seen an example for this,
namely the once punctured torus: any triangulation of it gives rise to the quiver with
three vertices and two arrows fromi — i + 1,7 = 1,2, 3 (Exercise 7). Another example
we have encountered are triangulations of annuli, cf. Figure 1.12:

Exercise 15. Determine the quivers Q7 which arise from triangulations of an annulus
Ann(2, 1) with two points on one boundary and one point on the other boundary.

For the statement of the classification of finite mutation type (and for Exercise 9
below) we extend the notion of the type of a quiver:
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E(l’l): e—eo 2 ° e —0i— 0 —0i—0

Figure 1.23. Orientations of doubly-extended type E diagrams.

Notation 1.8.4. Let G be a simply-laced Dynkin or a simply-laced extended Dynkin
diagram. We say that Q is of type G, if Qg 1s mutation equivalent to an orientation
of G.

Quivers with only one vertex and quivers with two vertices and only one arrow
are of finite type. Quivers from surface triangulations where the surface is a disk or a
once-punctured disk are also of finite type (see Exercise 1).

Theorem 1.8.5 ([43, Theorem 5.6]). Let Q be a connected cluster quiver. Assume that
Q is of finite mutation type but not of finite type. Then Q is mutation equivalent to one
of the following:

(i) A quiver with two vertices and at least two arrows.

(i) A quiver of surface type where the surface is not a disk or a punctured disk.
(iii) A quiver of type E,, forn=26,7,8.

@iv) A quiver Q of type E,Sl’l),for n==6,7,8, see Figure 1.23.

(v) A quiver of type Xg or of type X7, see Figure 1.24.

In general, it is not easy to write a cluster variable in terms of an initial cluster.
However, in the case of surface cluster algebras, an explicit formula exists, using so-
called snake graphs:
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2\, /N2

Xg: o——ec——e

Figure 1.24. Orientations of the two diagrams of type X.

Theorem 1.8.6 (Expansion formula). Let T be a triangulation of (S, M), assume that
T has no self-folded triangles. Let y be an arc of (S, M) which does not lie in T. Then

we have
1

= cross(7) x(P)y(P),

PeMatch(G,)

Xy

where x(P) is the weight of P, y(P) the height monomial.

We don’t have time in these lectures to cover the theory of snake graphs, we refer
to [96] or [97] instead.






Chapter 2

Cluster categories

Lecture 4 The combinatorics of cluster algebras and the links with root systems led
to the introduction of cluster categories in [26] and [31], independently. These are cat-
egories whose (rigid) indecomposable objects are categorical analogues to the cluster
variables of a cluster algebra. Cluster categories have a rich representation theory and
have been studied intensively in the last two decades. While in [31], the categories are
defined from diagonals in a triangulated polygon, the approach in [26] is via orbit cat-
egories of bounded derived categories of mod(kQ) for Q acyclic. Both are examples
of additive categorifications in the following sense.

2.1 Categorifications of cluster algebras

Let A = A(Q) be the cluster algebra of a cluster quiver Q, with mutable vertices
{1,2,...,n} and frozen vertices {n + 1,...,m}, form > n.

Let F be a k-linear Krull-Remak—Schmidt Frobenius category. (A Frobenius cat-
egory is an exact category with enough projectives and enough injectives and where
the classes of projectives and injectives coincide). Let C := ¥ be its stable category:
the category C has the same objects as #, the morphisms of C are the morphisms
of 7, up to factoring through projective-injective objects. As the stable category of a
Frobenius category, C is triangulated. Assume that C is Hom-finite, 2-Calabi—Yau (in
this case, ¥ is said to be stably 2-Calabi-Yau).

For ¥ or C to be a categorification of A(Q), we require that the Grothendieck
group of the category is isomorphic to the cluster algebra. We also need a so-called
cluster character map from the category to the cluster algebra. Cluster character maps
depend on a choice of a cluster tilting object: Fix a basic cluster tilting object T :=
Tho---®T,€Cof C. Anobject M| @ My ® - - - ® M of 7 or C is basicif M; # M
forany 1 <i#j <s.

LetT =T ® Py---® Py, € F be (basic) cluster tilting in #. Note that for any
Me¥F, Ext;(T, M) is aright End¢ (T)-module. Then one defines amap fr : M — X1
to A as follows:

m+n

Xpy = xs7 M 3 (Grg(Ext;(T, M)))XBTg e Zlxt, .. xE,).
e

where g7(M) := [Lo] — [L1] if there is a short exact sequence 0 — L1 — Lo — M — 0
with L; € add 7 and where x(Gre(M)) denotes the Euler characteristic of the quiver
Grassmannian of submodules of M of dimension vector e. We say that the map fr :
F — A is a cluster character map.
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Definition 2.1.1. With the notation as introduced, the category C is an additive cat-
egorification of A, if there exists a cluster tilting object T € C, with T € F, such
that the associated cluster character map fr : C — A sends rigid objects to cluster
monomials and such that there are bijections

{reachable rigid objects} «— cluster monomials
{reachable indecomposable rigid objects} «— cluster variables

{cluster tilting objects } «—— cluster monomials

On the left-hand side, we have to restrict to “reachable” objects as in general, it is
not clear whether the exchange graph (under mutation) is connected: if 7', T’ are two
cluster tilting objects, we say that 7" is reachable from T if there exists a mutation
sequence from 7 to 7”. A rigid indecomposable object M is reachable from a cluster
tilting object T, if M is a direct sum of direct summands of a cluster tilting object 7’
which is reachable from 7. In the sequel, we first build towards the cluster categor-
ies as constructed in [26] before we define cluster categories for marked surfaces in
Section 2.3 (as in [25]), using Amiot’s generalized cluster categories [1].

2.2 Cluster categories from acyclic quivers

We present the definition of a cluster category for an acyclic quiver Q, using its bounded
derived category D?(kQ) (in case Q is acyclic, the module category mod(kQ) hered-
itary), as as introduced in [26]. If Q is an orientation of a type A Dynkin diagram, their
approach is equivalent to definition in [31]. We recall these categories now.

Definition 2.2.1. Let Q be an acyclic quiver, let A = kQ. Let F be the functor 77! o [1]
on the bounded derived category D = D?(A) of A.

The cluster category C = Co (of Q) is the orbit category D/F of the functor F
in D. Its objects are the F-orbits M = (FM);cz of objects M € D and its morphism
are defined as

Hom¢ (M, N) = @ Homyp (M, F'N).
i€Z
If Q is an orientation of a Dynkin diagram A, we say that C = C is the cluster category
of type A.

We note that the sum in Definition 2.2.1 in the definition of the Hom spaces has
only finitely many non-zero summands:

Exercise 16. Let Q be acyclic and C = C be the cluster category of Q. Check that
for any two indecomposable objects M, N € C, the sum @iez Homgp (M, FIN) in
Definition 2.2.1 has at most two non-zero summands.

Remark 2.2.2. Let O = D?(A), F =7,' o [1]p and C = D/F. The cluster category
C inherits the shift functor [1] ¢ and the Auslander—Reiten translation 7¢ from the shift
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functor [1] p and the Auslander—Reiten translation 75 on D = D?(A), [26, § 1]. For
M € D, one has

M[I]CZM[I]D and Tclquz)M

Furthermore, we have
7c = [1]c, (2.1)

since for any indecomposable M, we have T0M =1p(FM)=M][1]p = M[l]c.
When it is clear in which category we work, we simply write 7 to denote the
Auslander—Reiten translation and [1] for the shift functor.

In the following theorem, we denote the standard vector space duality Homg (—, k)
by D. To simplify notation, we write M for an object in the cluster category (instead
of M).

Theorem 2.2.3. Let Q be an acyclic quiver. Then the cluster category C = Cg has
the following properties:

(1) It is a Hom finite category and has the unique decomposition property, [26].
(2) The category C is triangulated, [77].

(3) The category C has Serre duality, Extlc(M, N) = DHom¢ (N, ™).

(4) The category C is 2-Calabi—Yau:

ExtL(M,N) = DExtL(N, M).

Remark 2.2.4. Let O be an orientation of a Dynkin diagram of type A, D or E, let
n be the number of vertices of Q and let Cp be the associated cluster category. The
Auslander—Reiten quiver of D? (kQ) (vertices: iso classes of indecomposable objects,
arrows for irreducible morphisms) has the form Z xQ (Happel). The Auslander—Reiten
quiver of the module category mod(A) module category sits inside in Z XQ in every
degree. Since we take orbits under F = 7~![1] when defining C, the indecompos-
able objects of Cp arise from the indecomposable objects of the module category
of kQ together with n additional indecomposable objects. These are the shifts of the
projective-indecomposable kQ-modules. So the Auslander-Reiten quiver of Cgp is
obtained from that of mod(kQ) by adding one slice containing the Dynkin diagram,
with appropriate orientation and gluing it to the rest with connecting arrows. See e.g.,
Section 3.4 in the survey [104]. The Auslander—Reiten quiver either lies on a cylinder
with one row of vertices sticking out (types D, E) or on a Mdbius strip (type A).

We illustrate the Auslander—Reiten quiver of the cluster category of type As, Q :
1-2-3.
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Figure 2.1. The Auslander—Reiten quiver of D?(A) for A = k(1 — 2 — 3).

Example 2.2.5. Consider the Auslander—Reiten quiver of D?(A) for A = kQ, and
Q the linear orientation 1 — 2 — 3 of Az, displayed in Figure 2.1. In the cluster
category C, T is identiﬁed with the shift. Therefore, the object 3 gets identified with

F3)=7t"13[1]) = [2] The object § gets identified with F (3) = v~ (3[1]) =1[2] and

F (é) =71 (%[1]) = 1 [2]: The functor F' groups the indecomposable objects of D into
nine orbits, and therefore the cluster category C has nine indecomposable objects. The
Auslander—Reiten quiver of C is shown in Figure 2.2, with 7 indicated by the dotted
arrows to the left. In particular, in the cluster category, we only have finitely many
(isomorphism classes of ) indecomposable objects. The Auslander—Reiten quiver of C
can be embedded in a Mobius strip.

As indicated at the beginning of Chapter 2, cluster categories were introduced
as categorical counterparts to cluster algebras. The idea is that cluster variables cor-
respond to indecomposable objects and that clusters correspond to direct sums of
indecomposable objects with a fixed number of summands. However, in general there
are more indecomposable objects in a cluster category than there are cluster variables in
the associated cluster algebra, as non-rigid indecomposable objects do not have coun-
terparts in cluster algebras. We therefore need to restrict to rigid indecomposables to
get a bijective correspondence.

Definition 2.2.6. Let C be the cluster category of an acyclic quiver Q with n vertices.
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Figure 2.3. Four cluster tilting objects of C 4,, indicated in red.

(1) An object T of a cluster category C is rigid if Ext}:(T, T)=0.

(2) Let T be arigid object of C. If T = &' | T;, with n pairwise non-isomorphic
summands 71, ..., T,, we say that T is a cluster tilting object (or a maximal
rigid object).

Cluster tilting objects are maximal in the following sense: If T is cluster tilting and
if Tp € C is an object such that T @ T is also rigid, then 7 has to be a sum of direct
summands of 7.

Example 2.2.7. We continue with Q =1 — 2 — 3, n = 3. The following are cluster
tilting objects of C:

1 1 1 1
Ml::3€B§€B%, My:=3@201, M3::2@§®§, My:=20)07

These four are shown as red vertices in Figure 2.3 (using the Auslander—Reiten quiver
from Figure 2.2). Any other cluster tilting object is a shift M;[j] (or a 7-translate
7/(M;)) of one of the above. In total, one gets 14 cluster tilting objects, listed as 7-
orbits of cluster-tilting objects:

My, T(My), T2 (My), T3 (M), T4(My), T° (M),
M3, T(M3),72(M3),

My, 7(Ma), T4 (M>),

M4,T(M4).

We note that cluster tilting objects in Cp are analogues of clusters in the cluster
algebra A(Q). The mutation at a variable of a cluster corresponds to an exchange of
summands of cluster tilting objects ([26, Section 6]).

Theorem 2.2.8. Let Q be an acyclic quiver, C = Cq. Let T be a cluster tilting object
of C, M be an indecomposable direct summand of T and define T byT =T & M. Then
there exists a unique indecomposable object M’ # M such that T ® M’ is also cluster
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tilting. Moreover, there are two unique triangles in C linking M and M’ :

M’ ’@iaBi M M’'[1],

M—>@jeI’B},—>M’—>M[1],

where the objects B;, B}. are indecomposable summands of T and where I, I’ are the
corresponding index sets.

There are also maps between (rigid) indecomposable objects and cluster variables:
In [30], an explicit map M +— xj; from indecomposable objects to cluster variables is
given. This map is surjective ([32]) and the article [29] gives a map from cluster vari-
ables to rigid indecomposable objects. Combining these, as shown in the appendix
of [29] (co-authored with Caldero and Keller), one gets a bijection between rigid
indecomposable objects of Cp and cluster variables of A(Q). In turn, one gets a
bijection between cluster tilted objects and clusters. This is summarised in part (1) of
the theorem below. In addition, by [29, Theorem 6.1], the exchange formula for cluster
variables can be given in terms of the two complements (part (2) of the theorem).

Theorem 2.2.9. Let Q be an acyclic quiver with n vertices, C = Cg the associated
cluster category and A = A(X, Q) its cluster algebra of Q with X = (x1,...,Xn).

(1) There are bijections

{indecomposable rigid objects in C} «— {cluster variables in A};

M — xpy,

{cluster tilting objects in C} «— {clusters in A};

n
T:@Z — xT:(-les"',-xTn),
i=1

(2) For any two rigid indecomposable objects M, N € C we have
dim Extlc(M, N)=1 & xp and xy form an exchange pair.

Moreover, in this situation, the exchange relation is given by

xaxn = ) | s+ G2) | ] 2

iel jer
where (x1), (x2) are some coefficients and where the B;, B;. are indecompos-

able summands of T (as in Theorem 2.2.8).

Using Theorems 2.2.8 and 2.2.9, the following definition makes sense: Let 7 be a
cluster tilting object, M an indecomposable summand of 7, 7 =T & M and let M’ be
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the other complement to 7. Set T’ := T & M’. We say that the mutation of T at M is
the indecomposable object M’ (and vice versa):

um(M)=Te M and up (T))=T & M.

In the next section, we will show how cluster categories arise from triangulations of
marked surfaces. Quivers associated to triangulations often contain oriented cycles and
so the methods from Section 2.2 cannot be applied. It becomes necessary to work with
relations (via quivers with potentials) and use Amiot’s generalized cluster categories.

2.3 The cluster category of a marked surface

The first approach to cluster categories via surfaces was given by Caldero, Chapoton
and Schiffler in [31] where the authors use the diagonals in a convex n + 3-gon and
rotations between them to define the Auslander—Reiten quiver of a cluster category in
type A, . Since then, many geometric models for cluster categories and related categor-
ies have appeared. Cluster categories in type D, were associated to punctured disks
by Schiffler in [107], to m-cluster categories in type A, in [11], in type D, in [10],
to tube categories in [14]. The work [25] of Briistle—Zhang uses Amiot’s generalized
cluster categories ([1]) to define cluster categories for marked surfaces without punc-
tures and [102] associates them to surfaces with punctures. The goal of this section is
to present their approach.

Let T be a triangulation of a marked surface (S, M). For simplicity, we assume
that T has no self-folded triangles (this will be useful when discussing the potentials
for surface triangulations). Let Q7 be the quiver of 7 (Definition 1.6.2). Its vertices
are the arcs of the triangulation and there is an arrow i — j if j follows i clockwise
inside a common triangle.

In general, a triangulated surface is obtained from gluing together triangles, digons
with one puncture and monogons with two punctures (see Figure 1.19). Since we have
no self-folded triangles, only the first types of puzzle pieces (triangles) are used. Some
of the sides of these puzzle pieces become boundary segments of the surface. Accord-
ingly, the quiver Q7 is obtained from gluing together arrows and clockwise oriented
3-cycles (for the internal triangles). The resulting quiver may also contain anticlock-
wise circles given by edges incident with a common puncture.

The pictures on the left hand in Figure 2.4 shows the quiver of triangulations (in
red).

We extend the quiver Q7 by adding arrows between boundary segments incident
with a common marked point and between arcs of T and “neighboured” arcs:

Definition 2.3.1. Let S = (S, M) be a marked surface. Let T be a triangulation of S
with n arcs, labelled 1,2, ..., n. Label the boundary segments by n+ 1, ..., m, for
some m > n. The extended quiver Qr of the triangulation T is defined as follows: The
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Figure 2.4. The quivers Q7 and QT of a triangulation T of an octagon.

vertices of QT are the arcs of T’ and the boundary segments of (S, M). We draw an
arrow i — j (with i, j € {1,2,...,m}) in the following situations:

« j follows i clockwise inside a common triangle.

* i, j are both boundary segments with a common endpoint and j follows i anti-
clockwise when going around outside the boundary of S.

At the end, remove a maximal collection of 2-cycles between vertices corresponding
to arcs of T'.

Anexample of the extended quiver is given on the right-hand side of Figure 2.4. The
additional vertices (for the boundary segments) are drawn as blue boxes, the additional
arrows are blue. Note that in contrast to O, the extended quiver Q7 may have two-
cycles between vertices corresponding to boundary segments. See the right hand of
Figure 2.4 for an example with three two-cycles at the boundary.

The resulting quiver QT is an example a dimer quiver with boundary see Defini-
tion 2.3.2 below: it is a quiver with faces. Informally speaking, such a quiver it is built
by gluing faces along common arrows, in a consistent way. Dimer quivers (or dimer
models) with boundary were introduced in [9, Section 3] as a tool towards a surface
approach to Grassmannian cluster categories.

Definition 2.3.2. A (finite, connected) dimer quiver (with boundary) is a finite quiver
0 = (Qo, Q1,Q») with faces which contains no loops where the faces Q- are a disjoint
union Q> = QF U Q5 of positively, respectively negatively oriented faces, satisfying
the conditions
(i)  every arrow in Q either has face multiplicity two' or face multiplicity one.
In the former case, it is called an internal arrow, in the latter case, it is a
boundary arrow.

IThe face multiplicity of an arrow is the number of times an arrow appears in the boundaries
of faces in Q5.
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(ii) The incidence graph at each vertex of Q is connected”.

Let Q be a dimer quiver with boundary. Any vertex of Q incident with only boundary
arrows is called a boundary vertex. All other vertices are called internal.

If an oriented cycle o of Q does not contain any cyclic subpaths, it is called a unit
cycle.

By condition (i) of Definition 2.3.2, the incidence graph at boundary vertices of
Q is aline, and it is a cycle at internal vertices.

Exercise 17. Let T be a triangulation of a surface (S, M). Check that the extended
quiver Q7 is a dimer quiver with boundary.

Let O be a dimer quiver with boundary. It can be embedded in a surface with
boundary. Each face F' of Q can be viewed as a polygon whose edges are arrows of
OF, forming a positive or a negative cycle. By gluing together edges of the polygons
labelled by the same arrows, compatibly with the orientation of the arrows, we obtain
an oriented surface which we denote by |Q| ([9, Section 3]). Each component of the
boundary of the surface is identified with an unoriented cycle formed by boundary
arrows of Q.

Definition 2.3.3. A potential W for Q is a (possibly infinite) formal linear combination
of cyclic paths in the (completed) path algebra k[[Q]. If W is a potential for Q, the
pair (Q, W) is a quiver with potential, in short a QP.

Example 2.3.4. Quivers of surface triangulations and dimer quivers (with or without
boundary) are important families of QPs, they come with a natural potential given
by the orientation of the surface. (The extended quivers of triangulations belong to
both families). Quivers with potentials for triangulated surfaces have been first studied
in [85], see Definition 23 in that article.

Definition 2.3.5. (1) Let T be a triangulation of (S, M) and Qr its quiver. We
denote by QF the faces given by the positive three-cycles corresponding to
internal triangles and by Q7 all the other faces. We use these unit cycles to
define a potential Wy = W, for Q7. Let C* be the set of all positive three-
cycles in Q, up to cyclic equivalence and let C~ be the set of negative unit
cycles of the boundaries of faces in Q5. We define the natural potential of T

to be
Wr = Z o - Z o.

oeC*t oeC~

If (S, M) has no punctures, the quiver Q7 only has positive three-cycles and
the potential is Wy = Y, cc+ 0.

>The incidence graph of Q at a vertex i € Qy is an unoriented graph which has as vertices
the arrows incident with i. Its edges correspond to 2-cycles going through i.
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(2) More generally, let Q be a dimer quiver and |Q]| the surface it defines (Q may
be the extended quiver QT of a surface triangulation 7). Let C* be the set of
positive unit cycles of Q and C~ the set of negative unit cycles, all up to cyclic
equivalence - the two sets are given by the boundary cycles of the faces of Q.
The (natural) potential of Q is

Wgo = Z o - Z o 2.2)

oeCt oeC~

Recall that we assume that 7" has no self-folded triangles. In fact, if a triangulation
contains self-folded triangles, the description of a potential is more complicated.

Example 2.3.6. We consider the triangulation of an octagon as in Figure 2.4. There
is exactly one 3-cycle (corresponding to the inner triangle in the triangulation). The
extended quiver QT with arrows to the boundary segments and between them has six
positive unit 3-cycles. They correspond to the six triangles in 7. It has eight negat-
ive unit cycles, they appear around the eight vertices of the octagon: three 2-cycles,
two five-cycles (one containing £ and 3, one containing ), one 4-cycle (containing
a) and two 3-cycles. In the figure, they are shaded in grey. So the potentials from
Definition 2.3.5 are:

Wr = «apfy,
Wo,

“cycles from white faces” — “cycles from grey faces”.

Derksen, Weyman and Zelevinsky introduced mutation of quivers with potentials
[40]. Labardini—Fragoso has shown ([85, Theorem 30]) that for surface triangulations
(without self-folded triangles) with the above natural potential, mutation of QP corres-
ponds to flipping arcs, providing a result analogous to the fact that mutation of quivers
associated with surface triangulations corresponds to the flip (Proposition 1.8.3 (1)):

Theorem 2.3.7. Let T be a triangulation of a surface (S, M) and T’ obtained from T
by flipping an arc of T, then the QP mutation of (Qr, Wr) is the quiver with potential
(Q1/, Wr).

Quivers with potentials are a key ingredient towards cluster categories. First we
define algebras from them.

Definition 2.3.8. Let (Q, W) be the quiver with potential of a triangulation or a dimer
quiver (potentially with boundary) with the potential as in (2.2).

(1) Let a be an arrow of Q. The cyclic derivative 0, with respect to a sends any
unit cycle aja; - - - ag to the sum Zi:l Oar,alk+1 -~ aqay - -~ ai—i. This is linearly
extended to the potential W, we write d, W for the cyclic derivative of W w.r.t. a.

(2) If (Q, W) is the quiver with potential (Qr, Wr) of a surface triangulation, let
I(Q,W) :={{0,W | a € Q1}) be the ideal generated by all cyclic derivatives of W. If
Q is a dimer quiver (with boundary), let 7(Q, W) be the closure of the ideal generated
by the cyclic derivatives 9, W of all internal arrows of Q.
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The frozen Jacobian algebra J(Q, W) of (Q, W) is the quotient of the completed
path algebra k[ Q] by the closure of the ideal generated 1(Q, W):

J(Q.W) = k[ Q]/1(Q. W)

Remark 2.3.9. The frozen Jacobian algebra is not always finite dimensional. If it is
finite dimensional, we do not have to take the completion. By [34, Theorem 5.7], this
is in particular true for quivers with potentials from arbitrary triangulations of surfaces
(generalising [85, Theorem 36]).

For the rest of the section we assume that (.S, M) does not have any punctures. Then
we can work in the setting of [25]. Such surfaces have no self-folded triangles, and we
can use the natural potential given in Example 2.3.4. To work with punctured surfaces
requires dealing with more involved potentials and with Jacobian algebras which are
not gentle. This has been achieved In [102] where cluster categories are defined for
punctured cases.

We associate another algebra to a quiver with potential, the so-called Ginzburg
dg-algebra, following exposition given in [92]. See also the survey [2] for details.

Let (Q, W) be a quiver with potential. From Q, we define a graded quiver é It has
the same vertices as Q. The arrows of Q come in three types:

* The degree 0 arrows of Q are the arrows of Q;

* for every arrow « : i — j of O, one draws an arrow a* : j — i in Q, it is of
degree —1;
 For every vertex i € Qy, the quiver Qhasa loop e; ati, itis of degree —2.

Example 2.3.10. For Q a quiver of type A, with arrow @ : 1 — 2, the graded quiver
0 looks as follows:

i Cr1 52D
Definition 2.3.11. Let (Q, W) be a quiver with potential, let Q be the graded quiver
of Q. The Ginzburg dg-algebra has as underlying graded algebra the path algebra of
Q. Its differential d is defined as follows:
e d(a) =0forevery @ € Q; and d(e;) = 0 for every vertex i.
o d(a*) = d,W for every a in Q.

s d(e}) = ei(Xgep, @” — a*a)e; for every vertex i.

The Ginzburg dg algebra is non-zero only in negative degrees and the cohomo-
logy H*(I'(Q, W)) of the completed dg algebra (completion w.r.t. the arrow ideal) is
isomorphic to the Jacobian algebra J(Q, W), see [2, Section 3].

From now, let (Q, W) be the quiver with potential of a triangulation of a surface
without punctures. In that case, the Jacobian algebra J(Q, W) is finite dimensional,
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and we do not need to take the completions. Let I' = I'(Q, W) be the associated Gin-
zburg dg-algebra. Let DI be the derived category of I and D?T the bounded derived
category, [78]. The perfect derived category per I is the smallest triangulated sub-
category of DI which contains I" and which is stable under taking direct summands.
By a result of Keller, [79, Section 6], the bounded derived category DPT is a subcat-
egory of per I'. The (Verdier) localisation per '/ DPT of per T is the category obtained
by formally inverting the morphisms of per I" whose cone belongs to D’T" (see for
example [83]). Now we have everything together for the definition of the (generalized)
cluster category of (Q, W) of Amiot, [1, Section 3].

Definition 2.3.12. Let (Q, W) be a quiver with potential such that J(Q, W) is finite
dimensional. The (generalized) cluster category C o, w) associated to (Q, W) is the
(Verdier) localisation per I/ D*T".

This definition can be applied in particular to quivers with potential arising from
surface triangulations where (S, M) has no punctures, since in this case, the Jacobian
algebra is always finite dimensional (Remark 2.3.9).

Note that while the definition of a cluster category C¢ from [26] requires Q to be
acyclic, i.e., only works for algebra of global dimension at most 1, Amiot’s construction
allows algebras of global dimension at most 2. It recovers the category C o, as Amiot
showed in [1]:

Theorem 2.3.13. The (generalized) cluster category C (o, w) is Hom-finite and 2-
Calabi-Yau. If Q is acyclic, then W = 0 and the triangulated category C (g ,0) is equi-
valent to the acyclic cluster category Co = D?(Q)/r[1].

Remark 2.3.14. In fact, Amiot showed that the image of I'(Q, W) in Co,w) is a
cluster tilting object whose endomorphism algebra is isomorphic to J(Q, W).

We have seen that the cluster algebra of a surface triangulation does not depend
on the chosen triangulation (Proposition 1.8.3 (2)). An analogous statement is true for
the cluster category of a triangulation. Keller and Yang showed in [81, Section 3] that
mutation induces a triangle equivalence for generalized cluster categories. For surface
triangulations, their result becomes:

Theorem 2.3.15. Let (S, M) be a marked surface without punctures. Let T be a trian-
gulation of (S, M), and let T’ be a triangulation obtained from T by flipping a diagonal.
Then there is a triangle equivalence

Cor.wr) = Cop W) -

As any two triangulations of a given surface are related by a (finite) sequence of
flips (Theorem 1.3.5), Theorem 2.3.15 shows that the cluster category C (o, wy) 1S
independent of the choice of the triangulation of (S, M) (up to triangle equivalence).

Therefore, the following definition makes sense:
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Definition 2.3.16. Let (S, M) be a marked surface without punctures. The cluster cat-
egory of (S, M) is defined to be C o, w;) where (Q7, Wr) is the quiver with potential
of a triangulation of (S, M).

In this generality, the categories C s, as) have been introduced by Briistle—Zhang
in [25]. We recall their main results below. To fix the notation, let 7 be a triangulation of
asurface (S, M), let (Q, W) be its quiver with potential. Let T be the image of ['(Q, W)
under per I'(Q, W) — C(o,w). By Remark 2.3.14, the object T is a cluster tilting
object. Every arc vy in (S, M) which is not part of T is associated with an indecom-
posable J(Q, W)-module which we denote by I(y), [3, Proposition 4.2]. We write
M, to denote the unique (up to isomorphism) indecomposable object of C s, 37) with
Homg g ,,, (T, My [1]) = I(y). For any arc yy of the triangulation 7', we write M,, to
denote the corresponding summand of 7. Note that an object M of C s as) is said to
be exceptional if it is indecomposable and rigid.

Theorem 2.3.17. Let C (s, ) be the cluster category of (S, M).

* The mapy — M, is a bijection between the arcs of (S, M) and the (isomorphism
classes of) exceptional objects of C (s ).

* For any two exceptional objects Mo and Mg of C (s ,m), we have

EXtIC(S,M) (My,Mpg) =0 < « and B do not cross.
* The shift functor of C s, acts on the arcs of (S, M) by moving both endpoints
clockwise along the boundary to the next marked points.

Remark 2.3.18. Summarising, if (S, M) is a surface without punctures, we have cor-
respondences:

As,m) (S, M) C(s,m)

X o cluster variable arcsa € (S,M) M, rigid indecomposable
clusters triangulations cluster tilting objects
mutation flip mutation

Xq and xg compatible @, 8 do not cross Extlc(s ) (Mo, Mpg) =0

(xq,Xxp) exchange pair 3T # T’ with M, and Mg form
T\aup=T" an exchange pair

Remark 2.3.19. The cluster category C s, ) is an additive categorification of the
cluster algebra A(Q), where Q = Q7 is the quiver of a triangulation of (S, M), see
Definition 2.1.1.
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